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SCOPE 

Reactive polymer processing, the simultaneous formation and 
processing of polymers into their final shape, offers several 
important advantages of reduced capital, operational and en- 
ergy costs. In particular, considerable commercial interest has 
centered on Reaction Injection Molding (RIM), a relatively new 
process in which two or more highly reactive monomer streams 
are rapidly contacted, generally by impingement, and conveyed 
to a mold cavity where polymerization proceeds. Requirements 
of fast, complete reaction with no side products and good me- 
chanical properties have limited major commercial develop- 
ment to polyurethane systems. Requirements of fast mixing 
without moving parts have limited mixing to impingement 
mixing. 

While several attempts have been made at modelling con- 
versions and product distributions in RIM processes (cf. Domine 
and Gogos, 1980; Castro, 1980), these studies have, with few 
exceptipns, assumed homogeneous initial conditions for poly- 
merization. The assumption of perfect mixing before significant 
reaction occurs, seems improbable for many processing condi- 
tions of interest. These models appear to be unable to explain 
several apparently singular features of experimental observa- 

tions on crosslinking systems recently reported in the literature 
(Lee et al., 1980). 

In general, polymerization under imperfect mixing conditions 
involves complex coupling between mass transfer, energy 
transfer, and chemical reaction. The modelling problem is 
further compounded by a rapid rise in medium viscosity, con- 
siderable evolution of heat, and the influence of the time vary- 
ing morphology on transport properties. Consequently little 
previous consideration has been given to this problem. 

Adiabatic temperature rise experiments under perfect mixing 
conditions provide valuable lumped kinetic information and 
a simple measure of mixing quality. Understanding of the lim- 
itations of this approach will facilitate reliable interpretation 
of experimental results. 

In this paper we apply a lamellar mixing model (Ottino, 1980) 
to the modelling of an imperfectly mixed, fast, crosslinking, 
exothermic polymerization. The objective is to develop a sim- 
plified mathematical description capable of accounting for the 
several interesting phenomena experimentally observed on such 
systems, to aid in the interpretation of kinetic results, and pro- 
vide guidance with respect to optimal operating conditions. 

CONCLUSIONS AND SIGNIFICANCE 

We have demonstrated the applicability of a lamellar mixing 
approach to the modelling of a rapidly (imperfectly) mixed, fast, 
crosslinking, exothermic polymerization. Several seemingly 
unusual features of experimental results can be explained in 
terms of a model consisting of locally structured lamellar do- 
mains with diffusion and reaction occurring between initially 
segregated reacting lamellae. Although analysis is based on a 
specific chemical reaction results should prove valuable in the 
interpretation of behavior of other crosslinking systems. 

The model provides qualitative explanations of the following 
phenomena: 

(i) Incompleteness of reaction even with stoichiometrically 
balanced reactant ratios 
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(ii) A finite scale of segregation below which no detectable 
change is asymptotic conversions is seen 

(iii) Decreasing asymptotic conversions with increasing 
concentration of catalyst 

(iv) Decreasing asymptotic conversions with increasing 
initial temperature 

Results serve to indicate that caution should be exercised 
when modifying the reaction rate, either through changes in 
catalyst concentration or initial temperatures of the monomer 
streams, under established mixing conditions. In particular an 
increase in initial reaction rate may lead to incompleteness of 
reaction and poor final material properties. 

Although the need for refinement is recognized, it is believed 
that the basic nature of the interactions between diffusion, 
energy, and polymerization are well captured by this simplified 
model. 
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Figure 1. Pictorial representation lmeiiar struc ire rmation during th 
impingemenl mixing of two Jets. The representation shows an axlal cut of the 
process at an instant of time. (a) and (b) represent two different mixing 
condltlons. The semi-normal dlstances between two consecutlve layers Is 

defined as the striation thickness 8. 

INTRODUCTION 

Reactive polymer processing provides several examples of 
complex processes involving different degrees of interaction be- 
tween mixing, both fluid mechanical and diffusional, and chemical 
reaction. Successful modelling and understanding of such processes 
provides one of the strictest tests of models for mixing of diffusing 
and reacting fluids. 

This work focuses on one such process-a rapidly-mixed, fast- 
crosslinking exothermic polymerization carried out in a laboratory 
scale Reaction Injection Molding (RIM) machine, and endeavors 
to simulate experimental adiabatic temperature rise data by ap- 
plication of a lamellar mixing model (Ottino, 1980). 

Basically, the RIM process involves the metering, rapid con- 
tacting, and mixing of two or more monomer streams prior to in- 
jection into a mold. While some reaction occurs in the mixing and 
mold filling steps, most of the polymerization takes place in the 
mold and subsequent post-curing step. The most widely used 
commercial RIM materials are linear and cross-linking polyure- 
thanes. Reactions are fast and generally complete without side 
products. Mixing is accomplished in lO-2-lO-3s, reaction times 
are of the order of 101-102s. 

The advantages of rapid, efficient mixing with no moving parts 
has led to the impingement mixer being used in most RIM equip- 
ment. Ideally, the mixing flow thins down segregated reactant 
layers to a size scale such that diffusional transport and reaction 
can be accomplished in a given scale of time. Studies (Malguarnera 
and Suh, 1977; Lee et al., 1980) indicate that the nozzle Reynolds 
number (Re) is the most important variable in impingement mixer 
performance, although the functional relation between Re and 
mixing quality has not been clearly established. 

Several flow visualization studies in impingement mixers have 
been conducted (Lee et al., 1980; Tucker and Suh, 1980). Photo- 
graphs (Lee et al., 1980) taken at Re = 50,90, and 150 show vortex 
formation and an apparent layered structure. An initially formed 
layered structure is preserved during a filling flow (Figure 1). Axial 
cuts of filled tube molds with incompletely mixed polyurethane 
systems display a layered structure (Kolodziej, 1980). 
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Figure 2. Adiabatic temperature rise on crosslinking polyurethane system at 
different mixing condltlons. Mixing is represented by the Reynolds number 
of the more viscous stream. Data were obtained by the techniques detailed 
by KoiodzieJ (1980) at two dlfferent average initial temperatures (a) To = 

313 K, (b) 7'0 = 323 K (identical catalyst concentrations.) 

Lee et al. (1980) and Kolodziej (1980) evaluated mixing quality 
by utilizing the fast and exothermic nature of the urethane reaction 
itself. Lee et al. (1980) measured the temperature rise vs. time in 
an adiabatic container under different mixing conditions, whereas 
Kolodziej (1980) used tubes similar to the ones shown in Figure 1. 
These methods have also been used to obtain overall kinetic in- 
formation (Lipshitz and Macosko, 1977, Richter and Macosko, 
1978, Castro, 1980). Typical temperature rise curves are shown in 
Figs. 2a,b. The experimental method pertaining to these data is 
described in detail by Kolodziej (1980). 

For future use and with reference to Figures 2a,b we define: 
Average reaction rate: the rate of reaction as measured under 

adiabatic conditions. Although reaction rate in imperfectly mixed 
systems is associated with spatial variations in concentration and 
temperature, we assume that thermocouples inserted in the mixture 
register the integrated (averaged) temperature increase. 

Asymptotic conversion or practical extent of reaction: the 
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Figure 3. Maximum adiabatic temperature rise vs. Re of the more viscous 
component (triol) for four different catalyst levels. Catalyst level is roughly 

indicated by the gel time (Lee et al., 1980). 

conversion obtained from temperature measurement under adi- 
abatic conditions at the point where the slope of the tempera- 
ture-time curve falls below some designated small value (say 
l"C/min). According to the data of Figures 2a,b the levelling off 
of temperature curves is achieved in time scales of order 10's. It 
is noted that as the reaction rate decreases, heat losses from the 
container become relatively more important and that further re- 
action might proceed unnoticed by temperature measurements. 

An analysis of the experimental data in Figures 2a,b, and Figure 
3 indicates the following. At  a fixed catalyst concentration: (i) the 
average reaction rate increases with increasing Re; (ii) the 
asymptotic conversion increases with increasing Re; and (iii) 
a critical Re exists beyond which no observable change can be ef- 
fected in the average reaction rate or asymptotic conversion by 
increasing Re. Also, (iv) an increase in catalyst concentration in- 
creases the reaction rate at moderate conversions but decreases the 
value of the asymptotic conversion. As yet no adequate explanation 
of these results have been offered. 

The importance of Re in determining impingement mixer 
performance is apparent from these results. However, the func- 
tional relationship between Re and mixing quality has not yet been 
clearly established. 

The objective of the present study is to develop a model, based 
on physical considerations, that can describe the several unique 
features experimentally observed during adiabatic temperature 
rise experiments on imperfectly-mixed, fast-crosslinking, urethane 
polymerizations. The model involves simultaneous solution of 
coupled mas  and energy balances, with simplified models for the 
reaction kinetics and transport coefficients in the polymerizing 
media. 

MODELLING 

The physical model consists of locally structured lamellar do- 
mains with diffusion and reaction occurring between adjoining 
lamellae. Details of this approach are given by Ottino et al. (1979), 
Ranz (1979), and Ottino (1980). Fluid mechanical aspects are 
discussed by Ottino et al. (1981). Concentration and temperature 
variations are followed with reference to a frame attached to the 
lamellae. The analysis is divided into two parts: transport and 
chemical reaction at striation thickness scales and transport and 
chemical reaction at scales larger than striation thickness scales. 

Transport and Reaction at Striation Thickness Scales 

Mass Balance for Species i: 

Under the assumptions: 
(i) Incompressible fluid 
(ii) Local radius of curvature of k te r ia l  surfaces much greater 

than the striation thickness s 
(iii) Gradients exist only in the direction y normal to the material 

interface 
(iv) Fickean diffusion with effective mass diffusivity Di a 

function only of the temperature and product concentra- 
tion 

the mass balance for species i reduces to (Ottino, 1980): 

where uJy) is the velocity normal to the interface. uJy)  is a linear 
function of y in SX: 

where D is the stretching tensor and 6 a unit vector in direction 
y. a ( X , t )  is referred to as the stretching function. 

Energy Balance: 
If in addition we assume: 
(vi) Fourier's law of heat conduction is valid 
(vii) The specific heat is constant 
(viii) Heat is generated only by reaction, the energy balance 

reduces to 

Nondimenslonal Model Equations In Warped Time Scale 

We introduce the following dimensionless variables: 

and the dimensionless parameters: 

Transforming Eqs. 1-3 in terms of the above dimensionless vari- 
ables, we get (cf. Ottino, 1982, p. 100, for a proof of a similar 
transformation): 
Mass Balance for Species i :  

Energy Balance: 

Equations 6 and 7 describe mass transport, energy transport, and 
chemical reaction in a warped time scale 7 and in a striation 
thickness-based-space scale q between adjoining lamellae. 

Choice of Scaling Parameters 

The choice of scaling parameters has a significant influence on 
the accuracy and efficiency of the numerical solution. The choice 
is governed by the following considerations (Lin and Segel, 1974): 
the dimensionless variables should be of unit order of magnitude 
and the relative importance of the terms in the nondimensionalized 
equations are indicated by the magnitude of the dimensionless 
multiplicative parameters. Hence the characteristic time tc is taken 
to be t~ for fast reactions (DalI large) and t R  for slow reaction (DaI1 
small); the corresponding dimensionless times are denoted T~ and 
7s respectively. 

The violation of the "orthodoxy requirement" (Lin and Segel, 
1974) for certain ranges of parameter values necessitates a choice 
of different scaling parameters in different subdomains of there- 
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gion of interest. Thus, for example, for the case of very fast reac- 
tions, extremely large concentration gradients in a small reaction 
zone dictate a rescaling of the spatial variable in that region. An- 
other possible source of such problems are the presence of expo- 
nential terms in the model equations. (Arrenhius type temperature 
dependence of some transport and kinetic parameters.) 

REACTION AND PHYSICAL PROPERTIES 

The experimental results presented in Figures 2a,b are on a 
crosslinking polyurethane system of type A3 + Bz. A3 represents 
a trifunctional polyol[poly ecaprolactone triol,[OH] equivalent 
to 0.313 kg KOH/kg triol, M.W. = 5431 which along with about 
0.1 wt. % catalyst (dibutyl tin dilaurate (DBTDL)] is introduced in 
one monomer stream at about 60°C with density 1.1 X 103 kg/m3 
and viscosity 0.2 Pas. Bz represents a difunctional isocyanate 
[4,4’-diphenylmethane diisocyanate, 0.128 kg/NCO equivalent, 
M. W. = 2861 and is introduced in the other monomer stream at 
about 25°C with density 1.2 X 103 kg/m3 and viscosity 0.03 Paas. 
The reactants are injected at stoichiometric ratio, 1.47:l. The re- 
action is assumed to be an ideal stepwise network polymeriza- 
tion. 

Reaction Kinetics 

The primary reaction that occurs during the urethane poly- 
merization is 

catalyst 
ROH + R’NCO __f R’NHCOOR 

where a hydroxyl group (OH) reacts with an isocyanate group 
(NCO) in a bulk-phase reaction catalyzed by DBDTL. 

Several methods have been used to study the kinetics of ther- 
mosetting polyurethanes; extensive reviews are provided by Kamal 
(1974) and Musatti (1975). While simplified nth order kinetics have 
proved useful in some restricted cases, they are inadequate when 
used over a wide range of operating conditions. 

The only comprehensive theoretical treatment of DBTDL cat- 
alyzed bulk phase urethane polymerization appears to be by 
Richter and Macosko (1978). They postulate a mechanism similar 
to Michaelis-Menten kinetics: the catalyst rapidly dissociates into 
a catalytically active species which complexes with an isocyanate 
group; the final and rate controlling step is the reaction between 
the complex and a hydroxyl group. The model predicts, at high 
temperatures, a kinetic expression first order in both isocyanate 
and hydroxyl group concentrations, with an Arrenhius temperature 
dependence for the reaction rate constant. They determined such 
an expression to be in excellent agreement with their experimental 
findings, for temperatures above 353 K. While this model for the 
intrinsic kinetics was developed for perfectly mixed systems, we 
do not anticipate a problem in applying it to imperfectly mixed 
systems. The diffusion of the catalytically active species is expected 
to be much faster than that of the branched chains that predomi- 
nate very rapidly in a step growth crosslinking polymerization. 

There is considerable uncertainty about the kinetic mechanism 
beyond the gel point. Several conflicting findings have been re- 
ported: Valles and Macosko (1975) found the reaction rate to in- 
crease, Villesova et al. (1972) found no change, while French et al. 
(1970) reported that the reaction stopped completely. This last 
finding has been disputed by several investigators, even for highly 
crosslinked systems (Darr et al., 1966; Lipshitz and Macosko, 1977). 
Some of the uncertainty probably arises from the strong diffusional 
hindrance beyond the gel point which can greatly mask the in- 
trinsic kinetics if the reacting mixture is not perfectly mixed. We 
will assume that the same kinetic expression holds over the entire 
range of conversions. 

Heat of Reaction. For the reaction mechanism postulated the 
heat of reaction can be expected to vary little with degree of cure. 
We will take it to be constant. 

(8) 

Physical Properties 

Most thermosetting materials are amorphous and hence varia- 
tions in specific heat, thermal diffusivity and density aresmall, even 
for the large temperature variations and morphological changes 
that typically accompany a cure (Van Krevelen, 1976). 

Den.sity. An increase in density of the order of 10% generally 
accompanies polymerization. This is partially offset by the large 
temperature increase in the adiabatic mold. For the purpose of this 
study it will be adequate to regard p as constant. 

Specific Heat. Lipshitz and Macosko (1977) found the ep of the 
polymer to be about 10% lower than that of the triol for a cross- 
linking polyurethane system. BrandTup and Immergut (1975) re- 
port an average of 3% reduction in C, during the crosslinking of 
four unfilled elastomeric gums. These variations are not very large 
and we will take C, to be constant. 

Thermal Diffusiuity. While the thermal diffusivity DT of 
polymers is several orders of magnitude lower than that for low 
molecular weight liquids, DT is nearly independent of the tem- 
perature, molecular weight and chemical nature of the polymers 
(Tadmor and Gogos, 1979). To a fair approximation DT may be 
taken to be 0(10-7 m2/s) for a large number of systems (Middle- 
man, 1977). The results of Kamal and Ryan (1980) for an epoxy 
cure indicate a variation of less than 10% about the mean value of 
DT over the entire conversion range. We will take DT to be con- 
stant. 

If the functional dependence on concentration and temperature 
is known for any of these parameters, it can be easily included in 
the model. 

Mass Diffwivity. In contrast to the thermal diffusivity, the mass 
diffusivity is generally a very strong function of concentration, 
temperature, molecular weight and thermodynamic states of the 
polymer and monomer phases. In crosslinking systems the func- 
tional dependence is very complicated and strongly influenced by 
the occurrence of gelation. Due to a lack of suitable models of 
diffusion in crosslinking polymerizations, we will assume a highly 
simplified representation that incorporates the characteristic 
features of experimental observations. 

The mass diffusivities of unreacted functional groups A3 and 
B z  are assumed equal and denoted by DM. D M  is expressed as the 
product of a concentration dependent term and a temperature 
dependent term: 

An Arrenhius type temperature dependence is assumed for 05. 
For D S ,  we assume a linear functional dependence on &,, the 
volume fraction polymer, before the gel point. Beyond the gel point 
we take D i  to be constant at some low value, Dgm. This model 
is in accordance with reported observations in gels (Barrer et al., 
1963; Trostyanskaya et al., 1970). Models for the diffusivity which 
predict an inverse functional dependence on the weight average 
molecular weight, M , ,  (Bueche, 1962) also exhibit such behavior 
since M, - m at the gel point. The exact occurrence of the gel 
point is difficult to ascertain and we will take it locally to corre- 
spond to the gel point predicted theoretically for a homogeneous 
A3 + B2 polymerization (Miller et al., 1979). Because of the arbi- 
trary nature of our assumption, we will examine other forms of 
functional dependence for DE. Some of these relations are shown 
in Figure 4. 

Despite the simplification effected in this model we believe it 
preserves the essential features of diffusion phenomena observed 
in such systems while avoiding the detailed physical information 
and intractable mathematics necessitated by more sophisticated, 
though not necessarily more accurate, representations. 

APPLICATION OF THE MODEL TO A FAST, EXOTHERMIC, 
CROSSLINKING POLYMERIZATION 

On substitution of the models developed in the previous Section 
for the reaction kinetics and physical properties into Eqs. 6 and 7, 
we have (A3 A,B2 = B ) :  
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Using order of magnitude values for D T ~  and D M ~ ,  we have K T  
DT, , /DM~ = 0(10)4) >> 1 indicating that heat conduction is much 
faster than mass diffusion. We therefore expect that spatial tem- 
perature variations will be small agd effect a simplification by using 
a spatially averaged temperature 0 in our computations. Integrating 
Eq. 13 from 0 to 7 and applying the boundary conditions Eq. 15, 
we get 

d7 (1 -a*)tR J1 exp (E~)YAY&TJ " - (18) -- 
or 

8 = 80 + 1' x2tc exp ( E i ) Y ~ Y ~ d q d 7  (19) 
0 (1 -a*)tR 

From Eq. 10 and the definition of XA: 

"* X A  (20) 

8 = S O  + X A  (21) 

- -  
e=eo+- 

(1 -a*) 
For the special case of stoichiometric initial reactant ratios, this 
reduces to: 

- 
and E i  in terms of 0 is: Figure 4. Concentration dependence of mass difluslvliy. 

system of P.D.E.'s wi th  a p p r o p r i a t e  

and boundary c o n d i t i o n s  

system of P.D.E.'s wi th  a = 0 
and i n i t i a l  condi t ions  given a s  
t h e  f i n a l  r e s u l t  of problem ( a ) ,  
boundary c o n d i t i o n s  

v a l u e s  of (I, i n i t i a l  c o n d i t i o n s  

Species Mass Balance 

0 - -  < t < tfill  

t f i l l  I t 5 t c u r e  

where D> is given by 

0; = D $ D c  
Energy Balance 

subject to the initial and boundary conditions: 

YA=p, Y B = O  for O ~ T J ~ U * - O  
YA=O, Y B = 1  for ~ * + 0 1 ~ - < 1  
8 = OO(7)  for 0 1 7 1 1  

dYA ayB dB Ofor7=0 , ]  
dv dv bl 

7 > 0 - = - = - =  

where, 

the designated species I is B3 

the designated species J is M ,  
&Adad 

" = (0- AOd + 1) (z)' 
and 

If the physical properties are specified, Eqs. 10-15 can be inte- 
grated for a given a ( X , t  ) to obtain concentration and temperature 
histories for the mixing and mold filling steps, for a material ele- 
ment initially at X. The concentration and temperature profiles 
at the completion of the filling step constitute the initial conditions 
for the curing step where reaction proceeds under static conditions 
with a(X,T) = 0, (Figure 5). However the flow field is extremely 
complex and it is difficult to determine a ( X , t )  accurately. The 
problem is somewhat simplified if negligible reaction occurs in the 
mixing and mold filling steps, for then the only influence of the 
fluid mechanics is on the distribution of striation thicknesses in the 
mold. The initial concentration profile for the curing step is then 
a layered structure of segregated unreacted monomers. In addition, 
we would like to assume that thermal homogenity is established 
before the curing step. These hypotheses appear to be borne out 
by experimental data, which indicate that the initial temperature 
of the reacting mass injected into the mold is within a few degrees 
of the average initial temperature TQ but they can be analyzed also 
in terms of the following argument: If the physical properties are 
assumed constant over the range of concentrations and temperature 
variations encountered in the mixing and filling steps, we can de- 
couple the chemical reaction and thermal homogenization prob- 
lems. 

Chemical Reaction 

Since the striation thicknesses are relatively large for most of the 
mixing and mold filling steps we may assume, to a first approxi- 
mation, that the reaction is diffusion controlled. In most cases this 
will prove to be a very conservative assumption. 

The dimensionless species mass balances then reduce to 

PROBLEM MATHEMATICAL DESCRIPTION TIME 
I I I 

Mixing, d i f f u s i o n ,  and r e a c t i o n  
dur ing  impingement mixing and 
f i l l i n g  

Dif fus ion  and r e a c t i o n  i n  t h e  
mold under s t a t i c  condi t ions  

I I 

Figure 5. Structure of the problem of Interest. 
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(23) aYB - d2YB --- 
l ) T F  a92 

For 0 = 1, the reaction plane is stationary at a* and an analytic 
solution is possible (Toor, 1962). The conversion is then given 
by: 

We can thus determine X A  for any T ~ .  However, there will be, in 
general, a distribution in T at any time t ,  corresponding to the 
distribution in s. In this approximate analysis we assume that no 
spatial variations in s occur. Then: 

where 

Typical values for the parameters are taken as: 

DM = 10-11m2/s, SO = 2 X 10-3m, A = 0.02 and t = 1 s. 

From Eqs. 24-25 we have: 

( X A ( T ~ ) )  E 0.05 

This value will be an overestimation of the actual conversion for 
the following reasons: (i) we have assumed the reaction to be infi- 
nitely fast; and (ii) since X A  (Eq. 24) is a concave function of 7, 

X A  (( 7 F )  ) will provide an upper bound for the overall conversion 
( X A ( T F ) )  for any distribution other than the trivial one assumed 
here. 

Thermal Homogenization 

The temperature rise due to the heat generated by reaction 
corresponding to the conversion calculated above is 0 ( 1  K) and will 
therefore be neglected. The dimensionless energy balance then 
reduces to: 

where 

subject to the initial and boundary conditions 

a r  
T F > O  - = o  v = O , l  

a17 
Equation 26 can be solved analytically (Carslaw and Jaeger, 1975, 
p. 101) to obtain (on rearrangement): 

X exp(--n2x2TF) cos(nxq) (27) 

From this relation we determine that for 7 F  2 0.2 the maximum 
deviation in temperature from the mean value is less than 1%. For 
DTo = 10-7m2/s this corresponds to a real time of about 0.5 s. Thus 
we see that thermal homogenity is achieved well before the curing 
step. We may therefore assume that &(a) is identically zero for all 
rl. 

The assumptions of significant reaction being confined to the 
mold and of a homogeneous initial temperature field in the mold 
thus appear to be justified. 

SOLUTION OF THE MODEL EQUATIONS 

Analytical solution of the model equations appears possible only 

for some limiting cases (Pearson, 1963). In general, numerical so- 
lution is required. Numerical solution, however, is complicated by 
several problems: 

(i) The discontinuous initial concentration profile 
(ii) For fast reactions, the presence of a relatively small region, 

“the reaction zone,” characterized by extremely sharp 
concentration gradients; for infinitely fast reactions, this 
region reduces to a plane, which is nonstationary for non- 
stoichiometric reactant ratios or unequal diffusion coeffi- 
cients; for small times, the discontinuities in the initial 
profile result in rapid movement of the plane and very high 
rates of diffusion into the region around it. 

(iii) For widely different time scales for reaction and diffusion, 
the model equations are very “stiff.” 

Since stability conditions are set relative to the smaller of the time 
scales, specially designed methods for stiff systems may be neces- 
sary to avoid excessive computing time requirements. Also, re- 
gardless of the parameter values, a stiff system of ordinary dif- 
ferential equations characteristically results wheh a large number 
of spatial discretization points are used in the numerical Method 
of Lines (MOL). 

In practice, for the range of parameters of interest and the choice 
of spatial discretization points necessary to counter the problems 
mentioned in (i) and (ii), stiffness IS invariably encountered, at least 
for some portion of the simulation. Under such conditions the MOL 
was found to be very effective as compared to traditional methods 
such as the Crank-Nicholson finite difference method. The success 
of the MOL for solving a variety of systems of stiff partial differ- 
ential equations (Sincovec and Madsen, 1975), is in large measure 
due to the development of highly efficient computer codes 
(Hindmarsh, 1974; Villadsen and Michelsen, 1978) for the solution 
of the resulting stiff system of ordinary differential equations. All 
the results presented here were obtained using the MOL in con- 
junction with the GEARB package (Hindmarsh, 1975). 

TRANSPORT AND REACTION AT SCALES LARGER THAN 
STRIATION THICKNESS SCALES 

Equations 10-13, with initial condition 14 and boundary con- 
ditions 15 are valid at striation thickness scales (element s ~ ) .  In 
general ,at reactor space scales there will be a distribution of striation 
thicknesses established by the mixing and filling steps. The overall 
reaction rate is obtained by integration over the reactor volume. 
The determination of the actual distribution of s is a very difficult 
problem requiring accurate modelling of the fluid mechanics of 
the mixing and filling steps and is not considered here. 

The distribution of striation thickness has obviously an influence 
on the progress of reaction but even under static conditions the 
solution of the diffusion-reaction problem is extremely involved. 
Since s is, in general, different for different SX the reaction will 
proceed at different rates in each of them thus resulting in fluxes 
of temperature and mass between adjoining SX, The problem is 
further exaggerated when local stoichiometry imbalances exist 
(Ottino, 1980). As reaction proceeds, effective isolation of reactants 
may occur when diffusional distances tend to the order of magni- 
tude of reactor space scales. At this point and for conceptual sim- 
plicity three limit cases of striation thickness distributions are in- 
troduced (Figure 6): (a) nondistributed (average), (b) local stoi- 
chiometry, and (c) random. A nondistributed system amounts to 
representation in terms of a single striation thickness; local stoi- 
chiometry involves near-independence among stoichiometrically 
balanced SX elements and simple integration of S~-solutions; 
whereas a random system should be attacked in its entirety from 
the very beginning. To date the knowledge of the striation thickness 
distribution is very limited (Kolodziej, 1980). 

This work will concentrate only on the representation (a) and 
a simiplified analysis of the representation (b) as a way of deter- 
mining some measure of the sensitivity of the predicted conversion 
to the (unknown) distribution (see Figure 6). If the predictions are 
highly sensitive to the distribution it would warrant detailed 
analysis of the mixing and filling steps. On the other hand if the 
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(a) AVERAGE 

(b) LOCAL STOICHIOMETRY 

(c)  RANDOM 
Figure 6. One-dimensional representatlons of striation thickness dlstrlbutlon: 
(a) average representation, (b) locally stoichiometrically balanced distrlbution, 
(c) random distribution. Diffusional distances In (a) are bounded by the 
striation thickness. Dlffuslonal distances In (b) are bounded by the maximum 
striation thickness. Dmuslonal dlstances in (c) are bounded by reactor scalea 

conversions are relatively insensitive an approximate model may 
suffice. 
are relatively insensitive an approximate model may suffice. 

An estimation of distribution effects can be obtained by con- 
vexity arguments (Ottino, 1980). For convex regions of the con- 
version-time curve the distribution will overestimate conversions 
and conversely for concave regions. Typically the curve is convex 
at low conversions when the effect of the distribution is not really 
significant (for times O( (s)2/Di) and so the only apparent effect 
of the distribution will appear at higher conversions and will tend 
to reduce the results obtained using mean values. 

RESULTS OF NUMERICAL SIMULATION AND DISCUSSION 

This section presents results of numerical simulation of the model 
(Eqs. 10, 11, 14, 15, 21), assuming a uniform striation thickness 
distribution. The sensitivity of predicted conversions to various 
model parameters: striation thickness, catalyst concentration, initial 
reactant temperature, and m a s  diffusivity parameters (& and ED), 
was studied. The remaining parameters were held constant at 
values listed in Table 1. The kinetic parameters AR, E R  and 
(-AHB,) were obtained by curve fitting limiting (perfectly mixed) 
experimental conversion-time curves (Figure 2a,b). Other values 
in Table 1 are those reported in the literature from experimental 
measurements on identical systems (Richter and Macosko, 1978; 
Musatti, 1975). For brevity, only representative results are shown, 
the accompanying analysis being based on examination of many 
more computations. 

Figure 7a,b displays, for a typical simulation, the spatial profiles 
of YA, Y B ,  4 p  and Dt at two different times during the course of 
the polymerization. In Figure 7a 4~ is everywhere below the 

TABLE 1. PARAMETER VALUES USED IN NUMERICAL SIMULATION - e,, = 2.2 x 103 (J/kgW 
p = 1.16 x 103 kg/m3 

CAo = 6.484 mol OH/kg trio1 
4, = 8.153 mol NCO/kg Bz 

- 

(-AHB) = 2.88 X 105 J/mol NCO equivalent 

a* = 0.557 
AR = 2.4 X 10" m3/(mol.s) 

E R / R  = 7537.7 K 

0. O+ 0.6 0.8 1 .O 

0 0.2 0.4 
Dimensionless distance, '7 

(a) 

1131 1 I 1 ' " ' I I I  
i 

0. 

b 1 

0.2 l25-24 
0 I 1  1 l l I 1 I l  

I 

Dimensionless distance, 7 
(b) 

Figure 7. Spatial proflles of Y,, Y,, q5p, and 0; (To = 323 K, s = 25 pm, 
E', = 16.34, go = 38.84s): (a) t = 2.5 s, Xr = 0.13, (b) f = 4.24 s, Xr = 

0.69. 

critical value 4; and D L  varies only slightly for 0 I 7 5 1. In Fig. 
7b there exists a region (0.47 5 7 5 0.72) where D$ is less than two 
percent of its initial value. I t  should be noted, however, that while 
diffusion is partially retarded, reaction still proceeds. This local 
picture is the key to several results to be described later. 

Influence of Striation Thickness 

The striation thickness is related to the Re of the impinging 
streams. In Figure 8a,b two families of curves are shown to illustrate 
the effect of striation thickness variation. Each set of curves cor- 
responds to a different initial temperature; the catalyst concen- 
tration is the same for both. These curves are in qualitative 
agreement with the experimental data of Figure 2a,b. Since ac- 

AlChE Journal (Vol. 29, No. 3) May, 1983 Page 379 



1 .o 

4 6 8 10 12 14 16 

Time ,s 
(b) 

Figure 8. Predlcted converslon-time curves lor diflereni siriatlon thickness 
(Eb = 16.86, Duo = 1 X lo-" m2/s, I$: = 0.707, D i m  = 1. X lo-'): (a) 

To = 313 K, (b) To = 323 K. 

curate numerical values of mass diffusivity are not known, curve 
fitting of model and experimental curves to obtain a relation be- 
tween Re and striation thickness does not appear warranted. Ex- 
amination of Figure 8 shows that the perfect mixing curves are not 
duplicated even for values of striation thickness as low as 5 pm. 
However, the 15 p m  curve achieves nearly complete conversion 
in times very close to that for the perfect mixing cases. This might 
suffice for many practical applications. 

Q 
X 

Time, s 
Figure 9. The eflect of catalyst concentration on predicted converslons 
(4: = 0.707, D$ = I x 10-3. T~ = 323 K, so = 35 pm, E;, = 16.34, too 

= 78.13 8.) 

Time,s 
3 

Figure 10. The eflect of initial temperature on predicted conversions 

It should be stressed that differences in product distributions 
might exist beyond which no observable changes in conversion can 
be detected. The study of molecular weight distributions and 
polydispersity upon mixing is currently an open problem. 

influence of Catalyst Concentration 

Increases in catalyst concentration result in an increase in the 
reaction rate constant. Richter and Macosko (1978) report a 
three-fourth power dependence on catalyst concentration for this 
system. The effect of increased reaction rate constant is shown in 
Figure 9. An increase in catalyst concentration results in a decrease 
of asymptotic conversions. A qualitative description of this phe- 
nomenon is the following: as reaction rate increases, the rate of 
formation of a high polymer concentration layer, between the A s  
rich and Bz rich regions is accelerated. The mass diffusivity falls 
to a low value in this layer and further diffusion between the two 
monomer rich regions is greatly retarded thus effectively reducing 
asymptotic conversions. 

0 
Time,s 

Figure 11. The effect of aciivatlon energy of dfflusion on predicted COnVerSiO~ 
(To = 323 K, tDo = 38.84 8.) 
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1 n. 

6 
X 

Time, s 
Fwre 12. The elfed ol the model for O$ on predicted convdons. ( ro = 323 

K, So 35 pm, IF', = 16.34 s, go = 76.13 s, O k  = 1 X 10-9) 

Figure 13. Conversion surfaces as functions of s and I for two different catalyst 
concentrations ( C ,  < C2) at a fixed initial temperature. 

Influence of initial Temperature 

An increase in the catalyst concentration only decreases t R o  while 
t D ,  is unaffected. However, an increase (n the initial temperature 
decreases both to, and t ~ , , .  Examination of Figures 8 and 9, which 
indicate the influence of independent variations of to, and t R o  
respectively, shows that the slope at moderate conversion is in- 
versely proportional to both t D ,  and t ~ , ,  while the asymptotic 
conversion is directly proportional to t R o  and inversely proportional 
to tD,. The influence of increasing the initial temperature will thus 
always increase the slope at moderate conversions while the as- 
ymptotic conversion can either increase or decrease depending on 
the relative values of ED and E R .  For the parameter values con- 
sidered here the asymptotic conversion will be decreased by an 
increase in the initial temperature. This is shown in Figure 10. The 
predicted conversions are quite sensitive to the initial temperature, 
the sensitivity increasing with increasing striation thickness. 

Influence of Model for Mass Diffuslvity 

The effects of varying the parameters q$ and E D  are shown in 
Figures 11 and 12. The only influence of DE- is a slight variation 
in the slope of the asymptotic portion of the curve. The influence 
of ED and 4: is more marked, especially at higher conversions. 
There is no good reason, however, to assume any other value for 
&, while the value of ED is obtained from curve fitting of viscosity 

data for this system (assuming an approximate inverse relation 
between mass diffusivity and viscosity). The relation D& = (1 - 
1.54~) for 4 p  I 2/3, predicted by the Effective Medium Theory 
(Davis, 1977) for a random two phase interspersion is also examined 
and the result shown in Figure 12. The difference is very slight. 

For ease of conceptualization, a schematic representation of 
conversion surfaces as functions of s and t is shown in Figure 13 
for two different catalyst concentrations at a fixed initial temper- 
ature. Most of the results presented above can be obtained by ap- 
propriate manipulation of this figure. Two examples are shown in 
the figure: A cut at s = s' parallel to the t axis (plane A) corresponds 
to Figure 9; A cut at t = t' parallel to the s axis (plane 3) corre- 
sponds to Figure 3. The projection onto a plane of the intersection 
of one catalyst surface with cuts made at different values of s, 
corresponds to Figure 8. A similar figure but with conversion sur- 
faces at two different initial temperatures would enable us to obtain 
the analog of Figure 10. 
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NOTATION 

= volumetric ratio 
= dimensionless initial position of material interface 
= poly-c-caprolactone triol 
= 44' diphenyl methane diisocyanate 
= molar concentration of species i 
= molar concentration of unreacted [OH] groups 
= molar concentration of unreacted [NCO] groups 
= specific heat per unit mass 
= stretching tensor, 1/2(Vv + ( V V ) ~ )  
= ( IRrols%)/(Cr$jo), second Damkohler number 
= mass diffusivity of species i 
= dimensionless mass diffusivity of species i 
= concentration dependence of D; 
= temperature dependence of Df 
= constant value of DF (i = M), after gel point 
= activation energy for diffusion 

= activation energy for reaction 

= bimolecular reaction rate constant 
= unit vector normal to material interface 
= order of 
= reaction rate for species i 
= Ri/  I RI,I, dimensionless reaction rate 
= Reynolds number of triol stream 
= striation thickness at time t 
= time 
= characteristic time 
= s!/Dl,, characteristic diffusion time (s) 
= C[,/ lRI,l, characteristic reaction time (s) 
= temperature 
= aTAo + (1 - a)Teo, average initial temperature 
= microflow element 
= velocity vector 
= (CAo - C A ) / C A w  conversion of A3 
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Y 
yi 

= coordinate in direction normal to material interface 
= C i / C I ,  dimensionless concentration of species i 

Greek Letters 

(Y = stretching function 
= CAo/CBo, initial concentration ratio 
= T - TBO, temperature difference 

= ( - A ~ ~ ~ R I C I ~ ) / ( ~ C ~ ) ,  maximum adiabatic tempera- 

= AT,,j/ To, dimensionless maximum adiabatic temper- 

P r 
( -AHi)  = heat of reaction/mole species i 
ATad  

A e a d  

h = s(t)/so, length stretch 
Ki 

K T  
4 = volume fraction 
4; e 

ture rise 

ature rise 

= D i o / D ~ o ,  initial mass diffusion ratio 
= D T , / D I ~ ,  initial thermal diffusion ratio 

= volume fraction of polymer at which gelling occurs 
= (T  - T o ) / A T , d ,  dimensionless temperature 

7 warped time 

rF,rS = warped times corresponding to tc = t D  and t ~ :  = t R ,  
respectively 

Subscripts 

A,A3 = unreacted [OH] groups 
B,B2 = unreacted [NCO] groups 
i = species i 
1,J = designated species 
M = unreacted functional groups 
P = polymer 
0 = initial value 

Special Symbols 

( ) = averaged value 
- = mean value 
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